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A convex body R in Euclidean space Ed is called reduced if the
minimal width ∆(K) of each convex body K ⊂ R different from R
is smaller than∆(R). This definition yields a class of convex bodies
which contains the class of complete sets, i.e., the family of bodies
of constant width. Other obvious examples in E2 are regular odd-
gons.We know a relatively large amount on reduced convex bodies
in E2. Besides theorems which permit us to understand the shape
of their boundaries, we have estimates of the diameter, perimeter
and area. For d ≥ 3 we do not even have tools which permit us to
recognize what the boundary of R looks like. The class of reduced
convex bodies has interesting applications. We present the current
state of knowledge about reduced convex bodies in Ed, recall some
striking related research problems, and put a few new questions.
© 2011 Elsevier GmbH. All rights reserved.
1. Introduction
As usual, a compact, convex set C with interior points in d-dimensional Euclidean space Ed is
said to be a convex body. Classes of special convex bodies, for instance bodies of constant width,
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play an important role in convexity theory and, presenting extremal cases, in the field of geometric
inequalities. In this paper we show the current state of knowledge about a further, very interesting
class of convex bodies called reduced bodies. This class is closely related to, and contains, the class of
bodies of constant width. It creates research problems which seem to be hard to solve.
We say that a convex body in Ed is reduced if it does not properly contain a convex body of the same
thickness. We prefer to use the term ‘‘thickness’’ instead of the equivalent term ‘‘minimal width’’. Heil
(see [35]) introduced the notion of a reduced body by ‘‘dualizing’’ the definition of a complete body.
Recall that a convex body is said to be complete if it is not contained in a different convex body of the
same diameter. Let us add that Heil was inspired by the following hope: as complete bodies can help to
solve certain volume-maximizing problems (such as the isodiametric one), reduced bodies may help
to solve certain volume-minimizing problems (see again [35]).
Besides the survey of results on reduced convex bodies, in the last section we discuss related
motivations, subjects, applications and extensions. Results on reduced bodies are presented in the
following papers: [35,31,19,20,42,44,55,54,45,7,8,24,47,48,25]; see also the surveys [17,52,36,53]. It
is our goal to present all knownproperties of reduced convex bodies and also to recall and pose various
natural research problems referring to this class of convex bodies.
A boundary point of a convex bodyC is called extreme if it is not representable as a relatively interior
point of a segment that is a subset of C . An extreme point x of C is said to be exposed if there is a
supporting hyperplane H of C with H ∩ C = {x}. Convex bodies with finitely many extreme points
are called polytopes, and for d = 2 polygons. We write bd for boundary and conv for convex hull. The
largest distance that occurs between twopoints of a convex body C ⊂ Ed is called the diameter of C and
denoted by diam(C). By abwe denote the segment with endpoints a and b. Let H1 and H2 be different
parallel hyperplanes in Ed. Then S = conv(H1 ∪ H2) is called a strip with bounding hyperplanes H1 and
H2, or for short a strip. If H1 and H2 are perpendicular to a direction m, then we say that S is a strip of
direction m. If, in particular, H1 and H2 support a convex body C , then S is called a C-strip. The distance
betweenH1 andH2 is called thewidthw(S) of S. If a point x ∈ bd(C) belongs to a bounding hyperplane
of a C-strip S, we say that S passes through x. The C-strip of direction m is denoted by S(C,m). By the
width w(C,m) of a convex body C ⊂ Ed in direction m, we mean the value w(S(C,m)). The number
∆(C) = minmw(C,m) is called the thickness (orminimal width) of C . If a chord c1c2 of a convex body
C ⊂ Ed connects the opposite hyperplanes bounding a C-strip of width ∆(C) and if |c1c2| = ∆(C),
we call c1c2 a thickness chord of C . Denote by Γ (C,m) the length of a longest chord of C in direction
m. Form variable, Γ (C,m) is called chord-length function of C . We put Γ (C) = minm Γ (C,m). Let us
now repeat our basic definition.
Definition. A convex body R ⊂ Ed is called reduced if ∆(K) < ∆(R) for every convex body K ⊂ R
different from R.
In the following, we will suppress ‘‘convex’’ when speaking about reduced convex bodies. We list
nowsome suggestive examples of reducedbodies. The readermay check the reducedness of the bodies
presented just by inspection, applying the above definition.
1. Every body of constant width in Ed is reduced. Recall that a convex body C ⊂ Ed is said to be of
constant width if w(S(C,m)) is the same for every direction m. Note that C ⊂ Ed is of constant
width if and only if it is a complete set; see our final section. The state of knowledge about bodies
of constant width in Ed can be taken from [14, Section 15], [63, Section 7], [21, pp. 131–149],
[22, pp. 122–131], and the surveys [17,36]; see also [53]. A classical example, the Reuleaux triangle,
is depicted in Fig. 1 together with the quarter of a disk; see the next example.
2. The convex hull of points whose polar coordinates ϕ and r fulfil |ϕ| ≤ 13π and r ∈ {− 13 , 23 } is a
reduced body (see [42] and Fig. 2). More generally, we get a reduced body by taking, for every fixed
k ∈ [ 12 , 1], the convex hull of points such that |ϕ| ≤

π − arc cos 1−kk

/2 and r ∈ {1 − k, k}. In
particular, for k = 12 we get the unit disk, and for k = 1 we obtain the quarter of a disk (see again
Fig. 1). In Fig. 1, we also see that the diameters of these reduced bodies differ. In fact, these two
examples are extreme cases; see Section 5.
3. Every regular odd-gon in E2 is reduced. For any odd n ≥ 5, there are also non-regular reduced
n-gons; see Section 5.
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Fig. 1. Reuleaux triangle and the quarter of a disk.
Fig. 2. A planar reduced body.
4. The set {(x1, . . . , xd) : x21 + · · · + x2d ≤ 1 and x1 ≥ 0, . . . , xd ≥ 0} in Ed, i.e., the common part of
the unit ball and the first orthant (see Fig. 3), is reduced. Clearly, for d = 2 we obtain the quarter
of the disk, but this time differently situated in the coordinate system.
5. Take an arbitrary reduced body in E2 which has an axis of symmetry (for instance, any regular
odd-gon) and rotate it about this axis. We obtain a reduced body of revolution in E3. In particular,
rotating the quarter of a disk, we obtain the reduced body of revolution given by {(x1, x2, x3) : x21+
x22+x23 ≤ 1with x1 > 0 and x21 ≥ x22+x23} (see Fig. 4). Also a regular triangle rotated around an axis
of symmetry yields a compact rotational conewhich is reduced (see again Fig. 4).More information
on rotational reduced bodies is given in the next section.
Additional examples are given later in our survey, and they are depicted in Figs. 5–10.
As we will see below, there are many geometric results on planar reduced bodies and reduced
polygons based on which various further examples could be successfully constructed. However,
in dimensions higher than 2, constructions of reduced bodies, besides those which are bodies of
revolution (see the next section), are seemingly not so easy, as is already the case within the subclass
of bodies of constantwidth. For example, in the recent paper [41] it was proved that a body of constant
width in Ed, where d ≥ 3, cannot be obtained as an intersection of finitely many balls. Note that this
was already mentioned in [14, Section 67].
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Fig. 3. The part of the unit ball in the first orthant is a reduced body.
Fig. 4. Two reduced bodies of revolution in E3 .
2. Reduced bodies in Euclidean d-space
The first observation, an immediate consequence of Zorn’s lemma, is basic for applications of
reduced bodies. For solving extremal problems concerning convex bodies of fixed thickness it is often
sufficient to consider, on the basis of this claim, only the class of reduced bodies. For such applications
of reduced bodies in extremal problems we refer the reader to Problem 2 below and the discussions
in our final section.
Claim. Every convex body C ⊂ Ed contains a reduced body R satisfying ∆(C) = ∆(R).
The following statement states that the thickness of a convex body C ⊂ Ed can always be presented
by the minimum of the chord-length function of C , both attained in the same direction. Namely, for
every convex body C ⊂ Ed and every direction m we have Γ (C,m) ≤ w(C,m), and for every convex
body C ⊂ Ed the equality Γ (C) = ∆(C) holds true. A short proof can be found in, for instance,
[62, pp. 157–158]; see also [22, p. 77], [29, (1.5)], and [3, Theorem 3]. This statement implies the
following reformulation of the definition of a reduced body in terms of chord lengths, proposed
in [46].
Dual definition. A convex body R ⊂ Ed is reduced if and only if for every convex body K ⊂ R different
from R there is a directionm such that all chords of K in directionm are of length smaller than Γ (R).
From this dual definitionwe immediately conclude that the only centrally symmetric reduced bodies
are the balls; see also [48, Claim 2] and [6, Remark 5.3]. So a natural question occurs: that of how to
characterize reduced bodies having some other kinds of symmetry, for instance rotational or mirror
symmetry (see, e.g., the comment after Corollary 2).
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Fig. 5. A reduced body of thickness 1 and arbitrarily large finite diameter.
Fig. 6. Illustration of Theorem 5.
It would be interesting to get a complete description of what the boundary of an arbitrary reduced
body in Ed ‘‘has to look like’’, similarly to theway inwhichmany geometric properties of the boundary
structure of bodies of constant width are known; see, e.g., [14,63,17,36].
The shortness of the following list of known results shows that for d ≥ 3 we are still far away from
this aim. The following theorem and its corollary were derived in [42].
Theorem 1. Through every extreme point of a reduced body R ⊂ Ed there passes an R-strip of thickness
∆(R).
Corollary 1. Every smooth reduced body of Ed is of constant width.
This fact was claimed already by [35, Section 2], and it was first proved by Groemer [31]. In [31] it
was derived in a different way, within a more general framework of extremal problems referring to
differentmetrical quantities of convex bodies, like (besides thickness) also inradius and circumradius;
see our final section.
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Fig. 7. Illustration of Theorem 6.
Fig. 8. Illustration of Theorem 10.
An analogous result can be conjectured if smoothness in the corollary above is replaced by strict
convexity; see once more [35]. However, this is only confirmed for d = 2; see [19] and Corollary 2
below. For higher dimensions we only have:
Problem 1. Let R be a reduced body in Ed, d ≥ 3. Does strict convexity of R imply that R is of constant
width?
To present a closely related result, we recall the notion of a supporting sphere. Let p be a boundary
point of a convex body C , and H be a supporting hyperplane of C at p. Assume that there exists a ball B
tangent to H at p and a neighborhood N of p such that N ∩ C ⊂ B. Then we say that the ball B supports
C . If a convex body C is supported by a ball almost everywhere at its boundary, we say that C is almost
spherically convex. Using this notion, the following theorem was formulated and proved in [20].
Theorem 2. Every reduced, almost spherically convex body in Ed is of constant width.
The paper [20] contains further related results, for example: suppose that a reduced body R ⊂ Ed
is strictly convex and almost every point from bd(R) has a neighborhood within which bd(R) presents
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Fig. 9. A reduced pentagon with an axis of symmetry.
Fig. 10. A reduced nonagon with three axes of symmetry.
a piece of a twice-differentiable hypersurface, e.g., when bd(R) is piecewise twice differentiable; then
R is of constant width.
Extreme points of reduced bodies have a further basic property, derived in [48].
Theorem 3. Every extreme point of a reduced body R ⊂ Ed is an endpoint of a thickness chord.
Using the notions of quermassintegrals or intrinsic volumes of a convex body C (see [59,
Section 4.2] and [28, Appendix A.4]) and giving estimates for such quantities in terms of diameter
and thickness of C , one can pose a series of interesting extremal problems for higher dimensions
whose solutions have to be complete sets or reduced bodies; see our final section. In particular, the
following open problem motivated [35] to introduce the notion of reduced bodies, and as a ‘‘dual’’ of
the isodiametric problem it is one of the most striking unsettled questions related to reduced bodies.
This problemwas already discussed in [14, Section 44]; see also [35], [33, pp. 260–261] and, for related
results, [27,31,16,4,5].
Problem 2. Which convex bodies of fixed thickness in the space Ed, where d ≥ 3, have minimal
volume?
M. Lassak, H. Martini / Expositiones Mathematicae 29 (2011) 204–219 211
By the dual definition above it is clear that all solutions to this problemhave to be reduced bodies. A
possible candidate for d = 3, the reducedness ofwhichwas calculated byHeil (oral communication), is
presented in [35] and [33, pp. 260–261]; this body is depicted in [35] and [13, Abb. 2.13]. The analogous
problem for d = 2 yields the regular triangle as the only extremal set; see [57] (the proof is given also
in [14, Section 44] and in [50]).
Now we want to consider some d-dimensional examples of reduced bodies, where d ≥ 3; see also
Examples 1 and 4 in the Introduction.
At first we want to generalize the rotational procedure presented in Example 5 from the
Introduction. Take an arbitrary reduced body Rd−1 in Ed−1 which has a (d − 2)-dimensional plane of
symmetryΠ and rotate this body about this plane, called its plane of rotation. More precisely, through
every point p ∈ Rd−1 we provide the two-dimensional planeΠp totally orthogonal toΠ andwe rotate
p inΠp about the single intersection point ofΠ withΠp. This rotation of p ‘‘produces’’ a circle, and the
union of all such circles over all points of Rd−1 yields the d-dimensional reduced body of revolution
Rd ⊂ Ed.
The inequality diam(R)/∆(R) ≤ √2, established for reduced bodies R ⊂ E2 in Theorem 8 below,
has no analogue in higher dimensions. The reason is a surprising result from [44]: there are reduced
bodies in Ed (for d ≥ 3) having fixed thickness, but arbitrarily large finite diameter! Recall the description
of the construction of such reduced bodies and see Fig. 5. Let g ≥ 1, and take a regular triangle abc of
sides of length 1. Consider, in the plane of abc , the intersection of the disks of radius 1 centered at a
and b, and of the half-plane bounded by the line through a and b, which contains c . When we rotate
this figure about its axis of symmetry, we obtain a convex body J ⊂ E3. Its boundary consists of a disk
D and of a surface F obtained by rotating an arc of a unit circle. Denote by u the center ofD. We inscribe
in D a square pqrs. Consider the homothety with ratio −1 and center w on the axis of rotation such
that |uw| = 12g and such that uw has non-empty intersection with the interior of J . The images of
the above sets and points in this homothety are marked by adding a prime to a corresponding letter.
Consider the arcs pq and rs of the circle bounding D. Take the cylinder parallel to uu′ whose base is
conv(pq ∪rs). Denote by V the intersection of this cylinder with J . Consider also the arcs q′r ′ and s′p′
of the circle bounding D′ and the cylinder parallel to uu′ whose base is conv
q′r ′ ∪ s′p′. Let Y be the
part of this cylinder common with J ′. The set Z = conv(V ∪ Y ), presented in Fig. 5, is a reduced body
of thickness 1. This is clearer after we observe that the intersection of Z with any plane containing
the segment uu′ is a planar body of thickness 1, and that all extreme points of Z are in four congruent
disjoint surfaces which are subsets of F and F ′. Of course, the diameter of Z is

g2 + 1.
Analogously, we construct a higher dimensional reduced body of thickness 1 and diameter
g2 + 1. In particular, instead of the disks D and D′ we have (d − 1)-dimensional balls, and instead
of pq andrswe can take a symmetric pair of pieces of the sphere bounding Dwhich are between two
perpendicular hyperplanes passing through the center of D (there are many other possibilities). The
translates of the remaining pair of pieces of the sphere are in the sphere bounding D′, and they play
the role of q′r ′ and s′p′.
3. Reduced bodies in the plane
The following two theorems from [42] are basic for deriving several properties of reduced bodies
in E2, for understanding their geometric shape, and for their construction.
Theorem 4. Let R ⊂ E2 be a reduced body. For every direction ℓwithw(R, ℓ) = ∆(R) there exist unique
points a(ℓ) and b(ℓ) in bd(R) such that |a(ℓ)b(ℓ)| = ∆(R) and that −−−−−→a(ℓ)b(ℓ) has this direction.
Note that the notation from Theorem 4 is used later a few times.
If the oriented positive angle from a directionm1 to a different directionm2 in E2 is smaller than π ,
then we writem1 ≺ m2. Ifm1 ≺ m2 orm1 = m2, we writem1 ≼ m2. We say thatm is strictly between
m1 and m2 providedm1 ≺ m2 andm1 ≺ m ≺ m2.
Theorem 5. Let R be a reduced body in E2. Assume that m1 and m2 are directions satisfying m1 ≺ m2
such that w(R,m1) = ∆(R) = w(R, m2) and w(R,m) > ∆(R) for every direction m strictly between
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m1 and m2. The segments a(m1)a(m2) and b(m1)b(m2) are in bd(R). One of them is perpendicular to m1,
and the other one to m2. Moreover, the angleψ fromm1 to m2 is not larger than 12π , and |a(m1)a(m2)| =
∆(R) tan 12ψ = |b(m1)b(m2)|.
This theorem is illustrated in Fig. 6. By a butterfly we mean the union of triangles a(m1)a(m2)c
and b(m1)b(m2)c , where c is the intersection of segments a(m1)b(m2) and a(m2)b(m1). The segments
a(m1)a(m2) and b(m1)b(m2) are called arms of this butterfly. We see also a butterfly in Fig. 2. It is
particularly convenient to use butterflies when we consider reduced polygons in the next section.
The above theorem leads to the conclusion that the boundary of every reduced body R ⊂ E2 consists
of at most countably many pairs of opposite segments, (i.e., pairs of arms of butterflies) and of at most
countably many pairs of opposite pieces of curves of constant width∆(R). Thus R is the convex hull of the
endpoints of its thickness chords; see [42] and corollary 11 of [26].
From Theorem 5, from the continuity of the function w(R,m) with respect to m, and from the
fact that bodies of constant width do not have segments in their boundaries, we obtain the following
corollary (see [42]).
Corollary 2. Every strictly convex reduced body of E2 is of constant width.
On the basis of a different method, this corollary was earlier proved by Dekster [19]; see also
Problem 1 above. It also implies that a strictly convex body in Ed, for d ≥ 3, all of whose orthogonal
2-projections are reduced, is of constant width (see Remark 2 of [19]). And since the generating
meridian section of a strictly convex body of revolution in E3 has itself to be strictly convex, Corollary 2
implies that any strictly convex reduced body of revolution in E3 is of constant width. Also the
following corollary helps us to understand the shape of planar reduced bodies.
Corollary 3. Let w(R, ℓ1) = ∆(R) = w(R, ℓ2) for a reduced body R ⊂ E2 and let a(ℓ1) = a(ℓ2). Then
w(R, ℓ) = ∆(R) for every direction ℓ between ℓ1 and ℓ2. Moreover, the shorter arc of the circle with center
a(ℓ1) = a(ℓ2) and radius∆(R) connecting b(ℓ1) and b(ℓ2) is in bd(R).
Again referring to segments in the boundary of reduced bodies, we have the following theorem
from [42].
Theorem 6. Let the intersection of a reduced body Rwith a supporting line L of R be a segment x1x2, where
x1 ≠ x2. Then we have:
(a) w(R, l) = ∆(R) for ℓ perpendicular to x1x2.
(b) The opposite supporting line L′ of R, parallel to L, supports R at exactly one point y, and the orthogonal
projection x of y on L belongs to x1x2.
(c) Let i ∈ {1, 2} and x ≠ xi. Let yi ∉ L′ fulfil |xiyi| = ∆(R) and |yyi| = |xxi|. Then yyi ⊂ bd(R).
This theorem is illustrated in Fig. 7. For the specific casewhen x is at x1 or x2, the picture is different.
The following four results, all of them proved in [42], clearly reflect the interplay between the
boundary of a reduced body R ⊂ E2 and the R-strips of width ∆(R). By the extreme supporting lines
of C in the formulation of this theorem we mean the first and the last supporting lines at a boundary
point of C when we go counterclockwise.
Theorem 7. Let R ⊂ E2 be a reduced body. We havew(R, ℓ) = ∆(R) if and only if at least one of the two
supporting lines of R perpendicular to ℓ is an extreme supporting line of R. Through every boundary point
of a reduced body R ⊂ E2 there passes an R-strip of width ∆(R). For every extreme point e of a reduced
body R ⊂ E2 there exists a direction m such that w(R,m) = ∆(R) and a(m) = e. For every exposed
point e of a reduced body R ⊂ E2 there exists an R-strip of thickness ∆(R) with a bounding line strictly
supporting R at e.
In [47] a theoremof Blaschke [12] on approximating bodies of constantwidth by bodies of constant
width whose boundaries consist only of circular arcs is generalized. Namely, it is proved that for every
reduced body R ⊂ E2 and for arbitrary ε > 0 there exists a reduced body Rε ⊂ E2 whose boundary consists
only of circular arcs of radius∆(R) and of arms of butterflies of R, such that the Hausdorff distance between
R and Rε is at most ε.
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4. The diameter, perimeter, area and circumradius of planar reduced bodies
It is clear that convex bodies that are extremal with regard to some functional in the subfamily
of convex bodies of constant width need not be extremal in the whole class of reduced bodies. For
instance, the Reuleaux triangle has minimal area among all planar bodies of the same constant width
(see, e.g., [17]) but not among all planar reduced bodies. In this sense, the class of reduced bodies
creates many new interesting extremal problems. We present now results in this direction.
For C a convex body in E2, let perim(C) denote the perimeter of C . The following theorem was
derived in [42].
Theorem 8. For every reduced body R ⊂ E2 we have diam(R)/∆(R) ≤ √2, and equality holds only if R
is the quarter of a disk. Furthermore, every reduced body R ⊂ E2 satisfies perim(R)/∆(R) ≤ 2+ 12π , and
again equality holds only if R is the quarter of a disk.
On the other hand, diam(R)/∆(R) ≥ 1 with equality if and only if R is a convex body of
constant width, which easily follows from Part (a) of Theorem 6 and from Corollary 2. Moreover,
perim(R)/∆(R) ≥ π for every reduced body R ⊂ E2 with equality only if R is a disk; see Corollary 2
of [47]. Both these facts can also be obtained by applying central symmetrization.
As already mentioned in Section 2, the inequalities presented in Theorem 8 have no analogues in
higher dimensions since a reduced body of fixed thickness in Ed, where d ≥ 3, can have arbitrarily
large finite diameter; see [44].
Pál’s theorem (see [57]) says that every convex body C in E2 having thickness∆(C) has area at least
1
3
√
3·∆2(C). Since the regular triangle satisfying this bound, is reduced,we have that any reduced body
R ⊂ E2 has area at least 13
√
3 · ∆2(R). Conversely, in [45] it is shown that every reduced body R ⊂ E2
has area at most ∆2(R). A sharpening of this bound for R a reduced polygon is presented in [45] and
Theorem 13 below, and it also motivates the following problem formulated in [45].
Problem 3. Show that every planar reduced body R has area at most 14π · ∆2(R), with equality only
for R a disk and R the quarter of a disk.
The planar version of the well known theorem of Jung [38] says that every convex body C ⊂ E2 is
contained in a disk of radius 13
√
3 ·diam(C). Thus, any bodyW ⊂ E2 of constant width is contained in
a disk of radius 13
√
3 ·∆(W ). The following analogous result for reduced bodies was obtained in [44].
Theorem 9. Every reduced body R ⊂ E2 is contained in a disk of radius 12
√
2 ·∆(R). This estimate cannot
be improved for R being the quarter of a disk.
Again, a corresponding result cannot be derived for higher dimensions (cf. the end of Section 2),
such that for dimensions d ≥ 3 there is no constant analogous to 12
√
2 in the above theorem.
It is well known that for every boundary point p of a body W of constant width the ball centered
at p with radius∆(W ) containsW . Of course, for reduced bodies this is, in general, not true. But one
can ask for the positions of disks, having radius∆(R) and centered at the boundary of R, which cover
R; see [44]. From this we get our next research problem.
Problem 4. Prove that every reduced body R ⊂ E2 is a subset of a disk of radius ∆(R) centered at a
boundary point of R.
For reduced polygons this is true; see [24] and our next section.
The answer to the following question is in a sense ‘‘dual’’ to Jung’s theorem, referring to the inradius
of a convex body C , i.e., to the radius of largest balls contained in C . Which convex body C ⊂ E2
of fixed thickness ∆(C) has minimal inradius r(C)? The solution (due to [10]) is given only by the
regular triangle which, therefore, is characterized by the equality case in the corresponding inequality
∆(C) ≤ 3 · r(C). Since this extremal body is reduced, we see that every reduced body R contains a
disk of radius 13 ·∆(R). This value is attained only by the regular triangle.
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Recall that the center of the largest ball contained in a body of constant width coincides with the
center of the smallest ball containing this body. This cannot be extended to reduced bodies. But thanks
to Theorem 9 the following property, shown in [44], applies to planar reduced bodies. Assume that
a convex body C ⊂ Ed is contained in a ball B of radius r · ∆(C), where r ≤ 1. Then it contains the
concentric ball A of radius (1 − r) · ∆(C). From Theorem 9 and from the above property we see that
the boundary of every planar reduced body R is contained in an annulus between two concentric circles
whose sum of radii is ∆(R). The radius of the outer circle is between 12 · ∆(R) and 12
√
2 · ∆(R), and that
of the inner circle is between 12 ·∆(R) and

1− 12
√
2
 ·∆(R). The largest discrepancy of those radii holds
only for the quarter of a disk.
In the spirit of such containment and covering problems, one can pose various further related
questions. For example, one can ask for largest figures of given shape (e.g., triangles or other regular
n-gons) contained in reduced bodies. Analogous problems posed for bodies of constant width were
investigated by Eggleston and Taylor [23].
5. Reduced polygons
The next theorem, referring to reduced polygons, is proved in [42]. It states how to check the
reducedness of convex polygons and also sheds light on how to construct reduced polygons.
Theorem 10. Every reduced polygon has an odd number of vertices. A convex polygon V = v1v2 . . . vn
is reduced if and only if for every i ∈ {1, . . . , n} the orthogonal projection ti of vi on the line Li through
vi+(n−1)/2 and vi+(n+1)/2 is strictly between these two vertices, and the distance from vi to Li is the same
for every i ∈ {1, . . . , n}.
Here and later, indices are understood to be modulo n.
An illustration for n = 5 is given in Fig. 8. For further use, this figure shows also marked angles
ψi = ̸ visiti+(n+1)/2, where si (not marked in the figure for lack of space) denotes the point of
intersection of the segments viti and vi+(n+1)/2ti+(n+1)/2.
Thanks to this theorem we may construct miscellaneous examples of reduced polygons. But
besides for the obvious examples of regular odd-gons, the explicit determination of the precise
positions of their vertices is difficult or impossible. In order to construct particular examples, we have
to solve certain systems of equations.
For instance, following [42] consider the pentagon with vertices v1(0, 0), v2(λ, 0), v3(1,√
2 − 1), v4(
√
2 − 1, 1) and v5(0, λ), where λ ≈ 0.72026 is the number such that v2 has distance
1 from the segment v4v5 (see Fig. 9). The above approximative value of λ is found by using formulas
from analytic geometry and a computer program for solving equations. Since here we deal only with
pentagons which have an axis of symmetry, this particular task is not so difficult, i.e., we have to find
only the value of one parameter.
Clearly, the larger the vertex number n of a reduced polygon is, the more difficult it is to solve
the related system of equations. We recommend applying an algorithmic approach. Namely, from
Theorem 10 we easily conclude that the family of reduced n-gons of fixed thickness depends, up to
isometries, on n − 3 parameters (so we have only one reduced triangle, a two-parametric family
of reduced pentagons, a four-parametric family of reduced heptagons, and so on). The aim of the
algorithmic approach is to determine, for given n − 3 parameters, the reduced n-gon satisfying the
respective system of equations, or to conclude that such a reduced n-gon does not exist. For example,
the parameters may be the lengths of some n− 3 boundary segments tivj of the reduced polygon that
we are looking for (or some n − 3 from the angles ψ1, . . . , ψn). Certainly, such constructions will be
less complicated if we assume that the required reduced polygon has a number of symmetries.
For instance, here is a procedure for finding, for given λ1 = |v1t4| and λ2 = |v2t4|, the
corresponding reduced pentagon of thickness 1. Of course, immediatelywe get the position of v4. Now
we find t1 and t2 such that ̸ v1t1v4 = 90◦ = ̸ v2t2v4, that |v4t1| = |v1t4|, and that |v4t2| = |v2t4|.
Next we are looking for v3 on the ray from v4 through t1, and for v5 on the ray from v4 through t2, such
that the distances between v3 and the ray from v1 through v5, and between v5 and the ray from v1
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through v3, are simultaneously equal to 1. An inequality involving λ1 and λ2 (see [25]) is a sufficient
and necessary condition that this construction leads to a reduced pentagon.
Fig. 10 presents one more example of a reduced polygon, namely, a reduced nonagon with three
axes of symmetry (it does not change after rotations by 120◦).
From the preceding theorem and the fact that |a(m1)a(m2)| = |b(m1)b(m2)| in Theorem 5, which
in our case means that |viti+(n+1)/2| = |tivi+(n+1)/2| for i = 1, . . . , n, we get the following statement
(see [42]).
Corollary 4. For every reduced n-gon P and every i ∈ {1, . . . , n}, the points vi and ti halve the perimeter
of P.
In the next theorem, also taken from [42], certain angles in reduced polygons are studied, yielding
also a characterization of regular triangles.
Theorem 11. Let P = v1v2 . . . vn be a reduced n-gon and let i ∈ {1, . . . , n}. The angles between the
thickness chord starting at vi and the sides of P ending at vi are at least 16π . The angles between the
thickness chord starting at vi and the diagonals from vi are at most 16π . In each of the above properties,
an angle equal to 16π implies that P is a regular triangle.
We continue with several geometric inequalities referring to reduced polygons, also derived
in [42].
Theorem 12. For every reduced polygon P ⊂ E2 we have diam(P)/∆(P) ≤ 23
√
3 and perim(V )/
∆(V ) ≤ 2√3. In both cases equality holds only if P is the regular triangle.
Furthermore, the proofs of the two inequalities in that theorem yield the following statement (see
again [42]).
Corollary 5. Among all reduced m-gons of fixed thickness, where m ≤ n, only the regular n-gon has
minimal diameter and also minimal perimeter.
Note that in [2] the perimeter part of this corollary was extended to arbitrary convex polygons
instead of reduced polygons.
Similarly and referring to area, it was shown in [45] that every non-regular reduced n-gon P ⊂ E2
has smaller area than the regular n-gon of thickness∆(P) and that this immediately implies:
Theorem 13. For every reduced polygon P we have area(P) < 14π · ∆2(P) and in general the factor 14π
cannot be improved.
It is obvious that, as n tends to infinity, the area of the regular n-gon of fixed thickness tends to
1
4π . On the other hand, for every odd integer n ≥ 3 and every ε > 0 there exists a non-degenerate
reduced n-gon P whose area is less than ( 13
√
3+ ε) ·∆(P). Here the number 13
√
3 equals the area of
the regular triangle of thickness 1. We select the shape of such a reduced n-gon ‘‘close’’ to the shape
of the regular triangle, and the limit case is the n-gon degenerate with a regular triangle. In such an
n-gon, for n ∈ {5, 7, . . .}, three angles from amongst ψ1, . . . , ψn are almost 60◦, and all others are
close to 0◦. For instance, we can select the three angles as ψ1, ψ2 and ψ(n+3)/2 (cf. [45]), and then we
get, for example, the reduced heptagon illustrated in [45]. Also a different choice of the three angles
is possible; for instance we see in Fig. 10 a reduced nonagon for which these angles close to 60◦ are
ψ1, ψ4 and ψ7.
Combined with Jung’s theorem (see [38] and [15, Section 11]), the first inequality in Theorem 12
implies that every reduced polygon P ⊂ E2 is contained in a disk of radius 23
√
3 · ∆(P), and that this
estimate is sharp only for regular triangles; see [44]. And as already mentioned, Problem 4 from above
is positively answered in [24] for the case where R is a reduced polygon.
216 M. Lassak, H. Martini / Expositiones Mathematicae 29 (2011) 204–219
6. Do there exist reduced polytopes?
Higher dimensional analogues to the statements in the former section, i.e., referring to d-
dimensional reduced polytopes, d ≥ 3, are not known. The reason is that, surprisingly, the following
problem is still unsettled. It was posed in [42] (see also [43]).
Problem 5. Do there exist reduced polytopes of dimensions d ≥ 3?
The following list of partial related results shows that it might be hard to solve this problem. In [55]
it was shown that every three-dimensional simplex is not reduced. In [54] the analogous result for
arbitrary dimension was proved by using the polarity of difference bodies and projection bodies of
simplices.
Theorem 14. Every d-dimensional simplex S, where d ≥ 3, is not reduced.
To get some ‘‘dual’’ of Jung’s theorem in Ed by estimating the thickness of convex bodies in terms
of their inradius, [10] erroneously assumed that the thickness of a d-dimensional regular simplex S is
attained, for any d ≥ 2, in the normal directions of the (d− 1)-faces of S. This would now imply that
S is reduced. But Blaschke’s assumption is not true for every d ≥ 3, as observed by Steinhagen in [61].
Extending Theorem 14, the authors of [8] showed that every d-dimensional pyramid, where d ≥ 3,
having the same numbers of facets and vertices is not reduced.
Deeper investigations on the question of whether there exist reduced polytopes in Ed, d ≥ 3, are
presented in [7]. On the basis of generalized notions of antipodality and on tools from the theory of
normed spaces, the authors of [7] proved the following results for the Euclidean case.
Theorem 15. For d ≥ 3, any d-dimensional polytope having m facets and n vertices is not reduced in the
following three cases: m = d+ 2, n = d+ 2, and n > m.
Together with Theorem 14 this also shows that no simple polytope in Ed, where d ≥ 3, is reduced.
Recall that a polytope in Ed is called simple if every vertex of it belongs to exactly d facets.
7. Related subjects, applications and extensions
One of the most investigated inequalities in mathematics is the isoperimetric inequality (see,
e.g., [15, Section 10]). Known since ancient times, the isoperimetric problem inspired many
mathematicians to study related or modified questions, for example also the isodiametric problem
(cf., e.g., [15, Section 11] and [49, Section 22]): which compact sets C of fixed diameter in Euclidean
space Ed have maximal volume? It is well known that the only extremal sets for this problem are the
balls, just fulfilling the equality case of the corresponding Bieberbach inequality (see, e.g., [14, p. 51],
[34, p. 173], [49, pp. 268-271], and [15, p. 93]). It is easy to see that for satisfying this equality case it
is necessary that the set C is complete; see [32]. It is natural to ask for extremal sets having minimal
(positive) volume if the notion of diameter is replaced by a quantity suitably ‘‘dual’’ to the diameter.
It is well known that the diameter of a convex body C ⊂ Ed equals the maximum of the width
function of C . The minimum of the width function of C is obviously the thickness of C; see [14, p. 51],
[34, p. 138], and [28, Section 3.2] for all these notions and further basic properties ofwidth functions of
convex bodies in Ed. Thus, replacing the notion of diameter in the isodiametric problem by thickness,
one can see Problem 2 from above as a ‘‘dual’’ of the isodiametric problem: which convex bodies C
in Ed of fixed thickness have minimal volume? By Claim 1 it is obvious that such extremal convex
bodies have to be reduced. In the planar situation the solution is precisely given by the equilateral
triangle (Pál’s theorem from [57]; several related results on triangles of given thickness can be found in
[21, pp. 149–155]). Problem2 shows that for d ≥ 3 these extremal bodies are still unknown. For partial
results we refer the reader to [27,35], [33, pp. 260-261], [16], and the discussion in [18, Problem A18].
For example, in [16] it is shown that the solution of Problem 2 among all bodies of revolution in E3
is the rotated equilateral triangle depicted in Fig. 4. Besides we observe the remarkable fact that, in
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spite of the above mentioned ‘‘duality’’ between the notions of reduced bodies and complete sets, the
latter class surprisingly forms a proper subclass of the first one.
We should also mention that the restriction of Problem 2 to the subfamily of bodies of constant
width in Ed is still open for d ≥ 3. For d = 2 the so called Blaschke–Lebesgue theorem guarantees that
the Reuleaux triangle (cf. Fig. 1) is the unique two-dimensional body of fixed constant width having
minimal area; see, e.g., [17, Section 7]. Good candidates for the analogous problem in E3 seem to be the
so called Meissner body and a second related example, depicted in [58], [37, p. 191] as well as in [63],
and discussed in [14, pp. 135–136], [35, Section 5], and [17, p. 68]; see also [60]. The restriction of
Problem 2 to rotational bodies of constant width in E3 yields the rotated Reuleaux triangle as the only
extremal set; see [16].
One can suitably generalize Problem 2, for example by extending the notion of volume to that of
quermassintegrals, i.e., to
W0 = V , W1 = S/d, . . . ,Wd−1 = κdw2 ,
where V denotes volume, S surface area,wmean width, and κd the volume of the d-dimensional unit
ball (see [28, Appendix A.4]).We call the problem ofminimizing themeasureWi(C), i = 0, . . . , d−1,
for convex bodies C ⊂ Ed of given thickness ∆(C) = 1 the (∆,Wi)-problem. Observe that every
minimal convex body with respect to any (∆,Wi)-problem is a reduced body. This follows from the well
known fact that for every i ∈ {1, . . . , d−1} and every two different convex bodies C,Dwith C ⊂ Dwe
haveWi(C) < Wi(D). (Note further that convex bodies, being minimal for any (∆, θ)-problem, have
to be reduced if θ denotes an arbitrary measure of them satisfying the latter implication regarding
containment; see [59] for more such measures.)
Almost nothing is known regarding this series of (∆,Wi)-problems. For i = d − 1 the solution
is trivially given by the class of bodies of constant width. And for d = 2 the same class gives also
the solution regarding perimeter. For i = 0 this is Problem 2, and [27] proved the related inequality
V (C) ≥ 2√3·d!·∆d(C), which is sharp only for d = 2 (Pál’s result from [57]). For d = 3 this inequality
yields the non-sharp value 0, 06804 . . . , and the possibly extremal body K constructed by Heil [35]
has volume V (K) = 0, 1055 . . . . For the (∆,W1)-problem in E3 the body K of Heil [35] is most likely
not extremal, since two bodies of constant width 1 have almost the same surface area. But within the
class of bodies of constant width, the (∆, V )-problem and the (∆,W1)-problem are then identical,
since [11] proved that for bodies C of constantwidth in E3 the equality 6·V (C) = 3·∆(C)S−2π ·∆3(C)
holds. Regarding the (∆,W1)-problem, [39] showed that the balls in Ed, d ≥ 3, are the only convex
bodies of given thickness having smallest surface area. Smallest diameter for given surface area also
characterizes balls for d ≥ 3 (see [40] and [14, Section 54 and Section 44]).
Groemer [31] generalized the notion of reducedness introducing the following concept. He calls
a convex body C ⊂ Ed f -minimal if, for f denoting an extended real-valued function on the family
of convex bodies in Ed, any convex body C ′ properly contained in C satisfies f (C ′) < f (C). In the
cases when f denotes the circumradius and inradius, all f -minimal bodies are determined in [31], and
for smooth convex bodies and f denoting minimal width, f -minimality is shown to be equivalent to
constant width (see Corollary 1 above).
The thickness of a convex body in Ed is the minimum of its width function and thus also of its
chord-length function. One can also ask tominimize the volumeor other quermassintegrals (or further
suitablemeasures) of a convex body in Ed if such values (possibly different) formore thanonedirection
are given; see also further problems posed byHeil which are presented in [33]. Results in this spirit are
given in [56,51,9]. Applications related to thickness and containment problems are discussed in [30,
2,52].
In [48] the notion of reduced bodies was extended to d-dimensional real normed spaces Md
(also called d-dimensional real Banach spaces or d-dimensional Minkowski spaces), and various basic
properties of reduced bodies in such spaces were established there. Further results on reduced bodies
in d-dimensional real normed spaceswere derived in [46,26,7], and related applications are presented
in [3–6]. Since themethods used for describing reduced bodies in a normed space are different to those
presented here, for the Euclidean situation, our survey will not cover this more general point of view.
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It might be also interesting to check whether it makes sense to introduce, in view of related
extremal problems, new concepts which are analogous to, or more general than, that of reducedness
of convex bodies. This can be done by leaving minimal width in the definition, but replacing ‘‘convex
body’’ and ‘‘proper convex subset’’ by suitably different sets. For example, one might say that a
connected arc of fixed thickness in the plane is reduced if any connected proper subarc has smaller
thickness; a related paper is [1]. Notions like this might even make sense in higher dimensions (note
that, for instance, there are many results about non-planar curves of constant width).
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